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Example 2.1. How many ways are there are to tile a 1 x 10 rectangles using identical 1 x 1 rectangles

and identical 1 x 2 rectangles?
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Quick Exercise 2.2. Find a pattern in the sequence 1,2,3,5,8 and confirm your answer by listing

all tilings of the 1 x 6 rectangle.
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Example 2.3. How many ways are there to arrange 10 coins in a row so that there are no two

consecutive heads (see figure 3)?
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Figure 4: Proof of f,, = gn—1

Example 2.4. Let n be a positive integer. A total of n lines are drawn on the plane so that no two
are parallel and no three are concurrent. What is the number of regions do these lines divide the plane

into?
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Quick Exercise 2.5. Let n be a positive integer. There are n circles drawn on the plane so that
any two circles intersect at 2 points, and no three circles meet at a point. How many regions do these
circles divide the plane into?
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Quick Exercise 2.6. Let uy,us,us,... be a sequence defined by u; = 3 and

Up = 2Up_1 —4 forall n > 2.

Find the formula for w,,.
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Example 3.7. The map of Townsville is given in the figure 6. Josh wants to go from A to B by only

walking northwards or eastwards.
(a) In how many ways can Josh go?

(b) If Josh is not allowed to go through C' and D, in how many ways can he go?
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Example 3.8. Ten people sit around a round table. When a signal is given, some people immediately
stand up. In how many ways can they stand so that no two adjacent people stand next to each other?

(People are considered distinct from each other and so it is not necessary to consider rotations.)
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Example 3.9. Let k > 3 be a positive integer. In how many ways can we paint the vertices of a

regular pentagon so that adjacent vertices receive different colours?
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Quick Exercise 3.10. Let n,k > 3 be positive integers. In how many ways can the vertices of
a regular n-gon be coloured using a supply of k£ colours so that adjacent vertices receive different

colours?
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Quick Exercise 3.11. Draw your favourite map with not too many regions. In how many ways
can you colour your map using k colours (each colouring may not use all the colours) so that regions
sharing a border receive different colours? Find the smallest possible value of & for which the number

of colourings is non-zero.
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Example 4.12. In the game Hanoi Tower, you are given three pegs, and n discs of increasing sizes
are stacked through one of the pegs. Sizes of the discs decrease from top to bottom as in figure 18.
In a move, you may take a disc from the top of a peg place it on a peg as long as you are not stacking
a larger disc on top of a smaller one. You want to move all the discs to a peg that is different from

the starting one. What is the minimum number of moves needed to do this?

Figure 17: Hanoi Tower 86:
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Figure 18: Recursion 3@:@:03(73{) R0e2

11



oo QS (M, 2 Q 0C 9 Qco Q Q Q0 Q oo QS (e QC M .
33@«80.,33(?&@99(‘0 O’)O)OOO? 0 G&%C%C\?OOODII 3'](‘7%0?0(93908(7) 39 oat?aGQ(?Co@DoGOTOO 33?0«@3«

Q< < N Q oC O
QOO 3]6@0(: 3900°@0° n QOC\DS(Y)O'JUJODOOCOOGQ
s T [N T T

° L

(2}
o
o 3o
(2}
o
Cn 9

e@o%c‘\?aq(\%éeog (see figure 19)n

c o ocC o ocCc O
+ 3250C (1) egcoaao 39ch 0 1 — 1 90D 0VC0EOPCHNES FOOVOC o?egd]n

C Q o oc o o ocCc O
* 3230¢ (2)1 33|03380332QCE(g30D 0D05L00PC o?eaod]u

L

Q Q2. QC M o _ o . _ Qg 800038 Tod 3
¢ 32:0¢ (3)II S’BC(D“%’SQ(?C., e n — 1 ?(7? ?O)(DU?C(DG(? O)O)(DU?CGO ('YeGacO Il

An—1 1 Ap—1
— — —
) (

. . (o] C.Q C .2
Figure 19: Hanoi Tower me@ﬂcsw 3230C20%9
L [ ° L L

C N (o] c o < o C C
3»30¢ (1) 3 (3) 0POQ move zaeqsaogm Ap_1 oo.Peoon sraaoc (2) o move 0203 OOLII :3']@@:)9

° <
n>2 3203008320300
n=2a,_1+1
@éqgaoeoln Initial condition ™ a; =1 @50}390308 an o%ﬂoc{éqcﬂ[?jn e@oé:@% substitute @:%(ﬁcﬁcﬁc@

q(ﬂooog (cﬁogorcééo)é:@écﬂ)n 3leoend c‘f)w(fmooor}c?é:meoog recurrence €1° §o°>o(7°>®d§:093 1 ecﬂéz@:

ay + 1= 2(an_1 + 1)

@5@@08:@5%&& :ﬂe@oé a1+ 1,as+1,a5 +1,... 980508§:o>ém first term 2 § common ratio 2 %’105

L5

geometric progression Ol :ﬂe@oé an, +1=2" @030% a, =2" -1 c;d]n O

Example 4.13. There are sixteen sheep with distinct weights, and you have a sheep-scale. You can
put two sheep on the sheep-scale at a time, and the sheep-scale tells you which sheep is heavier. We
would like to arrange the sheep in increasing order by weights. Can we do this by using the sheep-scale

less than 50 times?
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1. Find the formula for a,, in each of the following recurrence relations:

(@) a1 =1,a, =a,_1 —3foralln > 2,

(b) a1 =3,a, = %an,l foralln > 2,

(c) a1 =2,a, =an_1+2n—1foralln > 2,
(d) a1 =0, a, =3a,_1+1foralln > 2,

() a1 =0,a2 =1, a, =2a,-1 — ap—2 +1foralln > 3.

2. Find the number of ways to tile a 2 x 10 rectangle using identical 1 x 2 and identical 2 x 1 rectangles.
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3.

10.

Jumpy wants to walk up a flight of 6 stairs. In each step, he can climb either 1, 2 or 3 stairs. In how

many different ways can he climb the flight of stairs?

Norman wishes to buy a can of soda costing 75 cents from a vending machine. He has an unlimited
supply of identical nikels (worth 5 cents each) and dimes (worth 10 cents each). In how many different

orders can he insert coins into the machine to pay for his soda?

How many paths are there from the hexagon A to hexagon B in the diagram below, if each step of a

path must be to a hexagon immediately adjacent on the right?

Paula works for a valet parking company. Each of our customers drives either a Cadillac, a Continental,
or a Porsche. Paula’s boss told her that she have to reserve spaces in the parking lot and mark them
as being for a Cadillac, a Continential, or a Porsche. Cadillacs and Continentials each take 2 spaces
while Porsches only require 1. If the parking lot has 12 spaces, in how many ways can Paula allocate

the spaces?

If we draw n pairs of parallel lines in the plane, what is the largest number of different regions can

we create?

Call a set of integers spacy if it contains no more than one out of any three consecutive integers. How

many subsets of {1,2,3,...,12} are spacy?

Let a,, be the number of n-digit numbers that uses the digits 1, 2 and 3 only so that 11 does not appear

at any part of the number. Find the initial conditions and the recurrence relation for a,,.

A 2 x n rectangle is to be paved with 1 x 2 identical blocks and 2 x 2 identical blocks. Let a,, denote

the number of pavings. Find the initial conditions and the recurrence relation for a,,.
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* 11. Throughout the first semester, each of the n students are assigned a unique book to read. When the
second semester starts, these books are shuffled among the students so that no one gets the book

they read in the first semester. Let D,, be the number of such shufflings. Prove that

Dn = (n - ]-)(Dn—l + Dn—2)~

* 12. What is the sum of the greatest odd divisors of the integers 1,2,3,...,2"?

13. In the figure, find the number of paths from vertex A to B that follows the arrows.

14. Find the number of ways to paint 4 vertices of a regular 10-gon so that no two coloured vertices are

adjacent.

15. In how many ways can each cell of a 3 x 3 grid be coloured with red, blue or yellow so that no two

adjacent cells have the same colour? Here, two cells are considered adjacent if they share an edge.

16. In a graph (network), a matching is a (possibly empty) set of edges no two of which shares a vertex.
The figure shows an example of a matching (orange edges). How many matchings are there in the

graph shown in the figure?

17. In a social network, a clique is a (possibly empty) set of users any two of which are friends with each
other. Find the number of cliques in the following social network where the vertices represent users

and edges represent friendships between the users.

* 18. Suppose we are given 1000 lamps and 1000 switches with each connected to one lamp and each lamp
to one switch, but we do not know which lamp corresponds to which switch. Initially, all lamps are

off. One operation consists of the following:
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« We first specify an arbitrary set of switches, and all of them will be switched from off to on

simultaneously.

« We will then see which lamps come on, then switch all the lamps off.
Show that we can determine which switch corresponds to which lamp within 10 operations.

* 19. Consider a 2" x 2™ chessboard. Show that this chessboard can be fully tiled with the L-shaped tiles

as shown below (for n = 3).

x% 20. Prove that it is possible to place 3 - 2" points on the plane so that at least 3-2"~1 - (n + 2) unordered

pairs among them are distance 1 apart.

x% 21. Let S be a set with 2024 elements, and let N be an integer with 0 < N < 22024 Prove that it is

possible to colour every subset of S either black or white so that the following conditions hold:

« the union of any two white subsets is white,
« the union of any two black subsets is black,

« there are exactly N white subsets.

%% 22. Show that there exists a subset A of {1,2,3,...,3"} of size 2" such that A does not contain a non-

trivial arithmetic progression (that is, if z,y, 2 € A are distinct, then z — y # y — x).

16



